Is the phase of plane waves a frame-independent quantity? 
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The invariance of the phase of plane waves among inertial frames is investigated in some details. 
The reason that eventually led the author of a recent EPL letter [EPL 79, 1006 (2007)] to a spurious 
conclusion of the non-invariance of the phase of waves has been identified - it is the ignorance of the 
effect of relativistically-induced optical anisotropy in the analysis of the problem. It is argued that 
the Lorentz-invariant expression for the phase of waves should be taken in the form "1> = k • r— k • u/c, 
instead of the widely-used expression "I> = k ■ r — tjt which has a limited validity. 
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I. INTRODUCTION 

In a recent EPL letter by Huang [1], the invariance of 
the phase of plane waves among inertial frames has been 
challenged for the case of a "superluminal" motion of the 
medium, when the wave propagation in a stationary op- 
tical medium is observed from a frame traveling in the 
direction of the wave at a speed larger than the speed 
of the wave with respect to the medium. Apparently, by 
considering the phase of waves $ = k • r — to be a 
Lorentz scalar, Huang obtained negative values for the 
frequency of the wave with respect to the frame in which 
the medium is in motion. To overcome this difficulty, 
Huang introduced two types of relativistic transforma- 
tion for the four- vector /c^ = (k, a;/c) based on differen- 
tial Lorentz transformation. 

In this letter, we argue that the reason that eventually 
led Huang to this apparent non-invariance of the phase 
of waves is the ignorance of the effect of relativistically- 
induced optical anisotropy 0, H, 01 in the analysis of the 
problem. In particular, the scalar (dot) product between 
the wave vector k (the wavefront normal) and the velocity 
u of the wave may have different signs with respect to 
different inertial reference frames. We conclude that the 
phase invariance among inertial frames is preserved if the 
expression for the phase is taken in the form $ = k ■ r — 
k • u/c. 



II. WHICH EXPRESSION FOR THE PHASE IS 
A LORENTZ-INVARIANT? 

Let us consider a three-dimensional plane- wave distur- 
bance with a harmonic wave form 0, 0,13] ■ We choose the 
profile of the wave to vary in space sinusoidally, namely 
'0(r, i = 0) = Asin(k • r). We observe that '0(r, i = 0) is 
constant when k • r = const, which is an equation defin- 
ing a set of planes perpendicular to the vector k. The 
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FIG. 1: A two-dimensional sketch of a plane wave traveling at 
a velocity u. The wave vector k is normal to the wavefronts, 
but not necessarily parallel to the velocity u of the wave. 

value of ■(/'(r, t — 0) repeats itself in space after a displace- 
ment nX in the direction of k, where A is the wavelength 
of the wave, and n is an integer. If the profile of the wave 
disturbance moves at a velocity u (see Fig. 1), it can be 
described by a harmonic wave function in the form 

V'(r,t) = Asink ■ (r - ui) = ylsin*, (1) 

which we obtain by merely replacing r mip{r,t = 0) with 
r — ut. The expression: 

$ = k • r - k • ut (2) 

is the phase of the wave, and k is the wave vector, having 
a magnitude 27r/A and pointing in the direction orthog- 
onal to the planes 4> = const. For a fixed stationary 
observer at r = ro the wave disturbance V'(ro, t) repeats 
itself in time after a temporal period T = 27r/|k • u|, the 
inverse of which is the frequency / of the wave. The 
quantity |k ■ u|, which is the absolute value of the dot 
product between the wave vector and the velocity of the 
wave, is referred to as the angular frequency of the wave, 
commonly denoted by In the case of isotropic media 
(including vacuum), the wave vector k and the velocity 
u of the wave are parallel and pointing in the same direc- 
tion, allowing the expression for the phase of the wave in 



Typeset by REVTeX 



2 



Eq. (2) to be recasted in the following widely-used form: 



$ = k • r - Ljt. 



(3) 



If the plane- wave disturbance in Eq. (1) is observed 
from a different reference frame, the phase of the wave $ 
should remain invariant quantity. This claim is clarified 
by the fact that the elapsed phase of the wave is propor- 
tional to the number of wavecrests that have passed the 
observer, and thus it must be frame-independent, and 
hence, a Lorentz scalar j3, Alternatively, the same 
conclusion follows by considering optical interference ex- 
periments from different inertial frames, where the phase 
$ is the quantity that determines the interference pattern 
i- 

In the aforementioned letter to EPL [1], Huang used 
the invariance of the phase <& in Eq. (3) to Lorentz- 
transform the wave characteristics between different in- 
ertial frames. In this way, Huang obtained negative an- 
gular frequencies in the frame where the medium moves 
at "superluminal" speeds against the wave. What has 
not been taken into account in Huang's analysis is that 
the dot product between the wave vector and the veloc- 
ity of the wave changes its sign from positive to neg- 
ative when switching between the medium's rest frame 
and the frame in which the medium moves "superlumi- 
nally" . Let us clarify this point more explicitly. The 
approach by using Eq. (3) as an expression for the phase 
will work efficiently if the wave is propagating in vacuum. 
In the case of vacuum, the wave vector and the velocity 
of the wave will remain parallel and unidirectional with 
respect to any inertial frame. Hence, k • u = |k • u| — u 
and k' • u' = |k' • u'| = cj', and the phase invariance 
k ■ r — k • ut = k' • r' — k' • u't' between the frames S and 
S' would imply k • r — = k' • r' — uj't' . However, when 
the wave propagates in a material medium, the invari- 
ance of the phase given in Eq. (3) will generally not work 
even if the optical medium is isotropic in its rest frame. 
This is due to the fact that an optical medium that is 
optically isotropic in its rest frame S' will possess an op- 
tical anisotropy in the frame S in which it is moving at 
a constant velocity. It should be noted that this induced 
optical anisotropy is of a purely relativistic origin, and it 
has nothing to do with the usual anisotropy in the crys- 
tals Hence, while the wave vector and the velocity 
of the wave are parallel and unidirectional with respect 
to the rest frame S' of the medium, this may not be the 
case with respect to some reference frame S in which 
the medium is in motion. In fact, it might happen that 
the dot product between the wave vector (the wavefront 
normal) and the velocity of the wave may have different 
signs with respect to different reference frames. In partic- 
ular, the phase invariance k • r — k • = k' • r' — k' • u'i' 
may not imply k • r — = k' • r' — uj't' in the latter case, 
since it may happen that k • u = — |k • u| = —uj < when 
k' • u' = |k' • u'l = uj' > 0. In this sense, the expression 
for the phase of the wave in Eq. (2) is more general (and 
thus, more correct) than the one in Eq. (3), and there- 
fore, it is the expression $ = k ■ r — k • ut that should 



have a role of Lorentz scalar between different inertial 
reference frames. 



III. RELATIVISTIC TRANSFORMATIONS OF 
THE WAVE CHARACTERISTICS 

Consider from a frame S a plane monochromatic wave 
propagating at a velocity u, whose wavefront normal is 
described by the wave vector k. With respect to the 
frame S' which moves at a constant velocity V relative 
to S, the velocity of the wave is u', and k' is the cor- 
responding wavefront normal. We assume that the cor- 
responding axes of S' and S are parallel, and that the 
velocity V of S' in S is in an arbitrary direction. The 
invariance of the phase implies: 



k • r - k ■ ut = k' 



k' • u't' 



(4) 



By applying the Lorentz transformation between S and 
S' j.]: 



7Vt, 



= 1- 



r V 

ivip- 



into Eq. (4), we obtain: 
k ■ r k • ut = 

= k' + v(^(7-l) 
- 7k' • (u' + V)t. 



-1/2 



(5) 
(6) 

(7) 



(k' ■ V) (k' • u') 



(8) 



If the frames S and S' are in standard configuration, 
then V = (y,0,0), k = {k,,ky,k,), k' = (fc;,fc;,fc;), 
u = {ux,Uy,Uz), u' = {u'^,Uy,u'J, and r = ix,y,z). 
Substituting in Eq. (8) and comparing the terms for 
arbitrary x, y, z, and t, we obtain: 



ky — k'y, 

kz — 

kx'^X ~\~ kylly -\- kzUz — 



(9) 
(10) 
(11) 

(12) 



The angular frequencies of the wave in the corresponding 
frames are given by: 



' II ' 'I I ; ' ' 

uo = |k • u I = \k^u^ 

Lo = |k • u| = \kxUx + kyUy + kzU 



kyUy 



k^u^l, 



(13) 
(14) 



Furthermore, by putting Eqs. (9), (10) and (11) into Eq. 
(12), and comparing the terms for arbitrary fc^, k'y and 
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FIG. 2; A plane wave advancing in a stationary medium at a 
speed u in the direction of the positive t/'-axis. 



fcC, we obtain: 



V 



1 + <y/c2 ' 
1 + <y/c2 ' 

</7 

1 +<y/c2' 



(15) 
(16) 
(17) 



which are the relativistic velocity transformation formu- 
las for the wave. The set of equations (9)-(12) and (15)- 
(17) describe the relativistic transformation of the wave 
characteristics from S' to S. The reverse transforma- 
tion is accomplished via 1^-reversal, that is, by replacing 
V with -V and interchanging the primed and unprimed 
quantities. 

We will demonstrate the effect of relativistically- 
induced optical anisotropy by applying the above anal- 
ysis to describe the transverse drag of light [1, In 
the rest frame S' of the medium, a plane wave propa- 
gates in the direction of the positive y'-axis at a velocity 
u' = (0, u', 0) (see Fig. 2). By assuming that the medium 
is homogeneous, isotropic and nondispersive in S", we 
have k' = (0, A:',0). Evidently, the velocity of the wave 
and the wavefront normal in the S"-frame are parallel 
and unidirectional. Also, for the angular frequency of the 



Ik' • u' 



With respect to 



the S'-frame in which the medium is moving at a velocity 
V = (F,0,0), from Eqs. (9)-(ll) and Eqs. (15)-(17) we 
obtain k = (nVk' u! j ,k' and u = (^,^77,0). Con- 
sequently, k X u = [0, 0, A:'l^(w'2/c2 — 1)], which means 
that the velocity of the wave and the wavefront normal 
in the 5- frame are generally not parallel (see Fig. 3), 
except when u' = c, which is the vacuum case. Also, 
Ltj = |k • u| = 70;', which is the well-known formula for 
the transverse Doppler effect. 

We conclude this section with the analysis of the lon- 
gitudinal Fresnel-Fizeau light drag, which is the case dis- 
cussed in the aforementioned EPL letter jlj . Now, in the 
rest frame 5" of the medium (Fig. 4), the wave propa- 
gates in the direction of the positive x'-axis at a velocity 



FIG. 3: A snapshot of the wave propagation in Fig. 2 with 
respect to the frame where the medium is moving at a con- 
stant speed V to the right. Notice that k and u are not 
parallel, which means that the light ray is not normal to the 
wavefronts. 



k' 



FIG. 4: A plane wave propagates in a stationary medium at 
a speed u' in the direction of the positive a;'-axis. 



u' = (u',0, 0). The wave vector describing the wave- 
front normal is k' — (k' , 0, 0), and the angular frequency 
of the wave is cj' = |k'-u'| = k'u'. Transforming to 
the S frame in which the medium moves at a velocity 

V (V",0,0), we obtain k = [7fc'(l -I- Vu' / c^),{),Q\ and 
u = [(-It' + V)/{1 + u'V/c^), 0, 0]. Consequently, the an- 
gular frequency of the wave in 5-frame is w = |k • u| = 
7 jo;' -|- k'V\. If the medium moves in the negative x- 
axis, the wave characteristics are obtained by replacing 

V with -V. Hence, k = [7fc'(l - Fw'/c^), 0, 0], u = 
[(u'-y)/(l-u'y/c2),0,0] andcj= \k ■ \i\ = -i\uj' -k'V\. 
In the case of "superluminal" motion of the medium, 
u' < V < c, which implies k^ > Q and Ux < 0. Hence, 
the dragging of the wave by the medium is overwhelm- 
ing, and the wave will propagate along the negative x-axis 
(see Fig. 5). That the wave vector and the velocity of the 
wave in S'-frame remain parallel, but in opposite direc- 
tions, is a robust example of the relativistically-induced 
optical anisotropy at work. Nevertheless, the reader may 
notice that the frequency of the wave remains positive by 
definition, in spite of the fact that k • u < 0. 
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FIG. 5: A snapshot of the wave in Fig. 4 with respect to the 
frame where the medium is moving at a "superluminal" speed 
V to the left. In this case, although k and u are parallel, they 
are pointing in opposite directions. 



IV. CONCLUSION 

When analyzing the wave propagation in a medium 
with respect to different inertial reference frames, one 



must take into consideration the effect of relativistically- 
induced optical anisotropy due to the motion of the 
medium. In this sense, the angle between the wave vec- 
tor (the wavefront normal) and the velocity of the wave 
is not Lorentz- invariant, and furthermore, the dot prod- 
uct between these vectors may have different signs with 
respect to different reference frames. 

To employ the concept of phase invariance of the wave 
among inertial frames one should use the correct expres- 
sion for the wave four- vector /c^: 



k^^(k,^y (18) 



where k is the wave three-vector, and u is the velocity 
of the wave. Employing the less-general, but widely used 
expression for the four- vector in the form — (k, w/c) 
as in the recent EPL letter, one may be tempted into a 
spurious conclusion that the invariance of the phase of 
waves among inertial frames is questionable. 
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